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Introduction
Formal languages of words live in monoids:

a b c a b c

This talk is about languages that live in an algebraic gadget
called monoidal categories:

a
a

b bc
c

a

The resulting languages of string diagrams includes languages
of words, trees, hypergraphs, and more, and involves some
interesting maths.
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� M.E. and M. Román, 2024 – Context-Free Languages of String Diagrams
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Example: context-free grammars
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Example: context-free tree grammars
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Example: context-free hypergraph (HR) grammars
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Example: context-free grammar of unbraids
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Context-free languages á la Melliès and Zeilberger, 2023; Walters, 1989

R R1 R2w1 w2 wn
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For C a category, WC is a multicategory1 with

■ Objects: pairs of objects of C, denoted A
B

■ WC(; XY ) = C(X ;Y ),

■ WC(A1
B1
, . . . , An

Bn
; XY ) = C(X ;A1)×

∏n−1
i=1 C(Bi ;Ai+1)× C(Bn;Y ),

■ composition, splicing into holes using composition in C

1Moreover, a malleable multicategory, cf. � Mario Román, 2023
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Context-free languages á la Melliès and Zeilberger, 2023; Walters, 1989

M | ℂ |
Φ

FM ℂ 
Φ*

Language of the grammar: Φ∗[FM(;S)] ⊆ C(A;B)
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Context-free languages á la Melliès and Zeilberger, 2023; Walters, 1989

Theorem (� Melliès and Zeilberger, 2023)

W : Cat → MultiCat has a left adjoint given by contours.
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Towards context-free monoidal grammars

What is an appropriate multicategory of contexts in a monoidal category?
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Symmetric multicategory of diagram contexts, C
For any monoidal category C we can freely add holes of each type

Identity

⊢ id : XX

Generator

⊢ f : X1,...,Xn
Y1,...,Ym

Hole

x : A
B ⊢ x : A

B

Sequential

Γ ⊢ t1 : A
B ∆ ⊢ t2 : BC

Shuf(Γ;∆) ⊢ t1; t2 : A
C

Parallel
Γ ⊢ t1 :

A1
B1

∆ ⊢ t2 :
A2
B2

Shuf(Γ;∆) ⊢ t1 ⊗ t2 :
A1++A2
B1++B2

Derivable term judgements Γ ⊢ M : A
B up to α-equivalence are diagram contexts Γ → A

B

x
y

f : 11,
1
2 → 3

2
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Context-free monoidal grammars

Definition
A context-free monoidal grammar over a strict monoidal category (C,⊗, I ) is a
morphism of (symmetric) multigraphs

Ψ : G → | C |

into the underlying multigraph of diagram context in C, where G is finite, and a start
sort SX ,Y ∈ Ψ−1(XY ).

By choosing appropriate monoidal categories, we get all the previously shown examples.

Do we also have a left adjoint to forming contexts?
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Raw contexts, Raw(C)
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Proposition

There is an identity on objects multifunctor from raw contexts over C to diagram
contexts over C.

Proposition

Taking raw contexts in a monoidal category extends to a functor
Raw : MonCat → MultiCat.
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Optical contour

Theorem
Taking raw contexts has a left adjoint, given by the optical contour of a multicategory,
Cont : MultiCat → MonCat
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A representation theorem for context-free languages of string diagrams

In previous work we introduced the class of regular languages of string diagrams (� E
and Sobociński, 2022). Recognized by automata in which transitions take vectors of
states to vectors of states.

N
SL SL

↦
 

S S S

M
SL SR

N
SRSR

M

SL SR

Theorem
Every context-free monoidal language arises as the image of a regular monoidal
language under a monoidal functor.
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