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Introduction

Formal languages of words live in monoids:

o} ol o)

This talk is about languages that live in an algebraic gadget
called monoidal categories:

ol b [oF

The resulting languages of string diagrams includes languages
of words, trees, hypergraphs, and more, and involves some J— L
interesting maths. — N
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Example: context-free grammars

3/16



Example: context-free tree grammars

¥ : - + equations ... =
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Example: context-free hypergraph grammars
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Example: context-free grammar of unbraids

XX

QS;_ \\;§€>\\

...........
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Context-free languages 4 la Mellies- Zellberger and Walters [MZ23, Wal89]

M

For C a category, C is a multicategory! with

B Objects: pairs of objects of C, denoted 2

B C(¥)=C(X;Y),

B C(3, 8% = C(X; A) x T C(Bi; Aisa) x C(Br; Y),
B composition, splicing into holes using composition in C

! Moreover, a malleable multicategory [ERH, Rom23]
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Context-free languages & la Mellies-Zeilberger and Walters [MZ23, Wal89]

M —2 ]
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Context-free languages & la Mellies-Zeilberger and Walters [MZ23, Wal89]

C : MonCat — MultiCat has a left adjoint given by contours.

Figure: from Mellies and Zeilberger [MZ23].

What is an appropriate category of monoidal contexts (with a left adjoint)?
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Categories of contexts |: monoidal multicategories of spliced arrows

For (C,®, ) monoidal, the multicategory of Mellies and Zeilberger is monoidal:

1F 1F 17

- LF HdF

m Unit object |

. (A C\ .. ABC
BR: CopX Copy— Copii(B5) " Bob

. A Bo G o A C An Ch. .
B CE ) x CEh ) > CERS, .5 ERY):

((ﬂa ey fn+1)7 (glv "'7gn+1)) =2 (fl S fn+1 ® gn+1)'
B unit morphisms i, := (id;, ",id;) € C (},.7, 5 1)

This has a left adjoint, but the grammars are not expressive enough.
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Categories of contexts Il: multicategories of contexts/wiring diagrams

f € C(A; B) A, B € Cop; Mot fo: /e Co b ot o,
Hf:4 Xk ro,._.,r,,l—fo;...;f,,:/{n‘i1
foFfo:g ... Tabfoify

oy, TaF H® - @ fy: P2 S0

... quotiented by associativity, unitality, interchange, and equations in C.

il
O

Problem: no left adjoint to : MonCat — Multicat
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Categories of contexts Ill: “duomulticategories” of wiring diagrams

f € C(A; B) A, B € Copy MoFfo:l0 ... Fa b fo: £
Hf:g xiighixiig Fo<- aln b for..oifas 20
foFfo:g ... Mo [= i ¢ 22
M@ @Mk hR: @ fy: RS Sk

(A®B)<1E®D);X

Arises from two adjunctions, but they don't compose.
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Categories of contexts IV: monoidal multicategories of combs

When C is symmetric, we have a middle ground.

Let (C,®, /) be a symmetric monoidal category. Define:

C (:8) :=C(A; B)

(S oy S ) =

X1, Xn n—1
C(A; X1 ® G1) x [ [ C(Xi ® Di; Xi1 ® Ciga) x C(X, ® Da; B)
i=1

Not clear that left adjoint exists, but it does before quotienting, and this is enough!
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Context-free monoidal grammars

Definition
A monoidal multigraph M is given by a set M,p; of objects, and for every pair of a list
of lists (X{, ...,X,}l), ey (XE, ...,X,fk), and a list Yq,..., Y, over My, a set of
morphisms

M(XL®..®Xn), (X ®..OXE) V1®...® Yy).

Definition
A context-free monoidal grammar over a symmetric monoidal category C is a morphism
of monoidal multigraphs M — | C | and a family of start symbols S, ;, € Mop;.
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A representation theorem for context-free languages of string diagrams
In previous work we introduced the class of regular languages of string
diagrams [ESa, ESb]. Recognized by automata in which transitions take vectors of
states to vectors of states.

Theorem
Every context-free monoidal language arises as the image of a regular monoidal

language under a monoidal functor.
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